
ARTICLE IN PRESS
www.elsevier.com/locate/cplett

Chemical Physics Letters 417 (2005) 185–189
The effect of stoichiometry on ab initio-based
thermochemistry predictions

Ilie Fishtik, David Urban, Jennifer Wilcox *

Department of Chemical Engineering, Worcester Polytechnic Institute, 100 Institute Road, Worcester, MA 01609-2280, United States

Received 29 June 2005; in final form 26 July 2005
Abstract

The effect of various reaction schemes used to convert total reaction enthalpies obtained via ab initio methods into enthalpies of for-
mation has been studied employing a new optimization technique. The reaction schemes, conventional, isostoichiometric, and isodesmic
have been defined and generated for 47 species for which highly accurate experimental enthalpies of formation in addition to total reac-
tion enthalpies at 298 K at G2 and G3 levels of theory are known. The main finding is that the effect of reaction schemes in ab initio-
based thermochemistry predictions is small, especially, for enthalpy predictions involving high-level ab initio methods.
� 2005 Elsevier B.V. All rights reserved.
1. Introduction

Specific reaction schemes based on a set of reference
species are required to convert ab initio-based total
enthalpies of reaction into conventional thermochemical
data, such as enthalpies of formation, where the accuracy
of these theoretical predictions is governed by the chosen
reaction scheme. Thus, various reaction schemes such as
atomization [1], isodesmic [2], homodesmic [3], bond sep-
aration [4], group equivalent [5], group additivity [6], ring
conserved isodesmic reactions [7], etc., are currently in
use. It is believed that more sophisticated reaction
schemes, in particular, reactions that preserve different
fragments of chemical species, i.e., bonds or groups of
atoms, can cancel the errors that exist in electron correla-
tion energies more completely, resulting in more accurate
theoretical thermochemistry predictions. The effect of
reaction schemes on the accuracy of ab initio thermo-
chemistry has been intensively studied. These studies,
however, were based on a direct comparison of the per-
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formance of various reaction schemes for a limited num-
ber of species and individual reactions. As a result it is
difficult to comprehend the effect of reaction schemes
on the accuracy of ab initio-based thermochemistry
predictions.

The purpose of this Letter is to evaluate the error pro-
duced by various reaction schemes when converting the to-
tal ab initio-based reaction enthalpy predictions into
enthalpies of formation by employing a recently proposed
optimization procedure [8].
2. Notation and definitions

We consider a set of n chemical species B1, B2, . . . ,Bn

for which accurate experimental enthalpies of formation
DH exp

f ;i ði ¼ 1; 2; . . . ; nÞ as well as ab initio-based reaction
enthalpies at 298 K, Hai

i ði ¼ 1; 2; . . . ; nÞ, are known. If
DHai

i ði ¼ 1; 2; . . . ; nÞ are the enthalpies of formations
of species evaluated from the ab initio-based reaction
enthalpies via a certain reaction scheme, then ei ¼
DH exp

f ;i � DHai
f ;i ði ¼ 1; 2; . . . ; nÞ is the error associated

with the ab initio method. It is, therefore, convenient to de-
fine the vectors:
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DHexp
f ¼ ðDH exp

f ;1 ;DH
exp
f ;2 ; . . . ;DH

exp
f ;n Þ

T
; ð1Þ

DHai
f ¼ ðDHai

f ;1;DH
ai
f ;2; . . . ;DH

ai
f ;nÞ

T
; ð2Þ

Hai ¼ ðHai
1 ;H

ai
2 ; . . . ;H

ai
n Þ

T
; ð3Þ

e ¼ ðe1; e2; . . . ; enÞT ¼ ðDH exp
f ;1 � DHai

f ;1;DH
exp
f ;2

� DHai
f ;2; . . . ;DH

exp
f ;n � DHai

f ;nÞ
T. ð4Þ

In what follows the vector e is referred to as error vector.
A reaction scheme is defined as a set of chemical reac-

tions that preserve a specified number and type of molecu-
lar quantities such as elements, bonds, groups, etc. Let a set
of m linearly independent reactions qj (j = 1,2, . . .,m) be

q ¼ mB ¼ 0; ð5Þ
where

q ¼ ðq1;q2; . . . ; qmÞ
T
; ð6Þ

B ¼ ðB1;B2; . . . ;BnÞT; ð7Þ

m ¼

m11 m12 . . . m1n
m21 m22 . . . m2n
. . . . . . . . . . . .

mm1 mm2 . . . mmn

2
6664

3
7775. ð8Þ

Here mji (i = 1,2, . . .,n; j = 1,2, . . .,m) are the stoichiometric
coefficients assumed to take negative values for reactants
and positive values for products. It should be noticed that
the two equality signs in Eq. (5) have different meanings,
i.e., the first equality sign expresses the numbering of the
reactions while the second equality sign expresses the fact
that reactions are balanced. Each reaction is characterized
by an experimental DH exp

qj
ðj ¼ 1; 2; . . . ;mÞ and ab initio

DHai
qj

ðj ¼ 1; 2; . . . ;mÞ enthalpy change defined tradition-
ally as in [9]:

mDHexp
f ¼ DHexp

q ; ð9Þ
mDHai

q ¼ DHai
q ; ð10Þ

where

DHexp
q ¼ ðDH exp

q1
;DH exp

q2
; . . . ;DH exp

qn
ÞT; ð11Þ

DHai
q ¼ ðDHai

q1
;DHai

q2
; . . . ;DHai

qn
ÞT. ð12Þ
3. Theory

According to the approach briefly outlined in the preced-
ing section, the minimization of the error vector is subject to
a set of constraints expressing the stoichiometry and ther-
mochemistry of a certain reaction scheme. Explicitly, these
constraints are given by Eqs. (9) and (10) and involve the
stoichiometric matrix m of a set of linearly independent reac-
tions q as well as their experimental, DHexp

q , and, ab initio,
DHai

q ; enthalpy changes. The goal is to evaluate the error vec-
tor e, as expressed in Eq. (4), for various reaction schemes.
Most often the methodology is carried out based upon the
following considerations. A subset of q species, referred to
as reference species, are selected. These are normally the spe-
cies for which the experimental enthalpies of formation are
known with high accuracy. Without loss of generality, we
assume that these are the first q species B1, B2, . . .,Bq. The
value of q is such that a uniquely balanced reaction involving
the reference species B1, B2, . . .,Bq and one of the remaining,
training subset of species Bq+1,Bq+2, . . .,Bn may be gener-
ated. Let these n � q reactions be

qj ¼
Xq

i¼1

mjiBi þ mj;qþjBqþj ¼ 0; j ¼ 1; 2; . . . ; n� q. ð13Þ

The ab initio-based enthalpies of formation predictions,
DHai

f ;qþ1; DHai
f ;qþ2; . . . ; DHai

f ;n of the species Bq+1,
Bq+2, . . .,Bn are then determined from

Xq

i¼1

mjiDH
exp
f ;i þ mj;qþjDHai

f ;qþj ¼
Xq

i¼1

mjiHai
i þ mj;qþjHai

qþj;

j ¼ 1; 2; . . . ; n� q. ð14Þ

Clearly, within this approach only the errors in the enthal-
pies of formation of the training set of species Bq+1, Bq+2,
. . .,Bn are evaluated.

These errors, although physicochemically meaningful,
are not representative since they depend on the selection
of the reference species. This approach was also later crit-
icized by Petersson et al. [10] on the basis that the stoichi-
ometric coefficients in the reaction schemes may be very
high so that even an accuracy of 0.1 kcal/mol for reference
species may still result in large errors in the thermochemis-
try of larger molecules. Instead, Petersson et al. [10] pro-
posed to enlarge the number of reference species
substantially, thus allowing the introduction of the so-
called bond additivity corrections. To minimize the effect
of the selection of reference species on the error associated
with an ab initio method we propose a different approach.
Namely, for a given reaction scheme we evaluate simulta-
neously the errors of all species, i.e., without the separation
of the species into reference and training subsets. In doing
this we, first, subtract Eq. (10) from Eq. (9), which yields

me ¼ DDHq; ð15Þ
where

DDHq ¼ DHexp
q � DHai

q

¼ ðDH exp
q1

� DHai
q1
;DH exp

q2
� DHai

q2
; . . . ;DH exp

qm1
� DHai

qm
ÞT.

ð16Þ
Now, the error vector e may be determined by minimizing
the product eTe subject to the constraint given by Eq. (15).
A formally (mathematically) identical problem has been
considered previously in connection with the effect of stoi-
chiometry in quantitative structure–property relationships
[8], and employing these results we have

e ¼ mTðmmTÞ�1DDHq. ð17Þ
It should bementioned that although the set of linearly inde-
pendent reactions, i.e., the stoichiometric matrix m, are gen-
erated arbitrarily, the error vector is independent of the
choice of m. A proof of this statement may be found in [8].
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4. Reaction schemes

In this Letter, we consider three different types of reaction
schemes. Employing the usual stoichiometric formalism a
set of linearly independent reactions, or, the stoichiometric
matrix m is generated, for each of the following types of
reactions:

(a) Conventional chemical reactions. A reaction that pre-
serves the number and type of chemical elements is referred
to as a conventional chemical reaction. Let eik (i = 1,2, . . .,n;
k = 1,2, . . ., s) be the number of elements Ek (k = 1,2, . . ., s)
in the species Bi (i = 1,2, . . .,n). The n · s matrix

e ¼

E1 E2 . . . Es

e11 e12 . . . e1s
e21 e22 . . . e2s
. . . . . . . . . . . .

en1 en2 . . . ens

2
6664

3
7775

B1

B2

. . .

Bn

ð18Þ

is called the formula matrix. As is well known from chem-
ical stoichiometry, the number of linearly independent con-
ventional reactions is equal to m = n � ranke. These may
be generated as follows. Let, for instance

e11 e12 . . . e1s
e21 e22 . . . e2s
. . . . . . . . . . . .

es1 es2 . . . ess

���������

���������
6¼ 0.

Then a set of linearly independent conventional reactions qj
(j = 1,2, . . .,m) is given by

qj ¼

e11 e12 . . . e1s B1

e21 e22 . . . e2s B2

. . . . . . . . . . . . . . .

es1 e2s . . . ess Bs

esþj;1 esþj;2 . . . esþj;s Bsþj

������������

������������

¼ 0; j ¼ 1; 2; . . . ; n� s

ð19Þ

(b) Isostoichiometric chemical reactions. A chemical
reaction that, in addition to preserving the number and
type of chemical elements, also preserves the number of
stoichiometric coefficients is called an isostoichiometric
reaction. In other words, an isostoichiometric reaction is
a balanced reaction in which the algebraic sum of stoichi-
ometric coefficients is equal to zero. The number of linearly
independent isostoichiometric reaction is equal to
m = n � rank e � 1. Assume, for instance, that

e11 e12 . . . e1s 1

e21 e22 . . . e2s 1

. . . . . . . . . . . . . . .

es1 es2 . . . ess 1

�����������

�����������
6¼ 0.
esþ1;1 esþ1;2 . . . esþ1;s 1� �
Then, a set of linearly independent isostoichiometric reac-
tions may be generated following the methodology outline
in [11].

qj ¼

e11 e12 . . . e1s 1 B1

e21 e22 . . . e2s 1 B2

. . . . . . . . . . . . . . . . . .

es1 es2 . . . ess 1 Bs

esþ1;1 esþ1;2 . . . esþ1;s 1 Bsþ1

esþjþ1;1 esþjþ1;2 . . . esþjþ1;s 1 Bsþjþ1

��������������

��������������

¼ 0;

j ¼ 1; 2; . . . ; n� s� 1 ð20Þ

It may be noticed that isostoichiometric reactions were de-
duced from chemical thermodynamics [11].

(c) Isodesmic chemical reactions. These reactions were
introduced by Hehre et al. in 1970 [2] and since then have
been widely used in ab initio thermochemistry studies. By
definition, an isodesmic reaction preserves the type and
number of bonds in chemical species. Here, the type of
bond is mainly understood to be the classical covalent
bond (i.e., single bond, double bond, etc.). Let the structure
of species be described by a specified type, Pk

(k = 1,2, . . ., s) and pki (k = 1,2, . . ., l; i = 1,2, . . .,n) repre-
sent the number of bonds between the elements. Thus, we
can define the matrix

p ¼

P1 P2 . . . Pl

p11 p12 . . . p1l

p21 p22 . . . p2l

. . . . . . . . . . . .

pn1 pn2 . . . pnl

2
6664

3
7775

B1

B2

. . .

Bn

; ð21Þ

that may be referred to as the bond matrix. The number of
linearly independent isodesmic reactions is equal to
m = n � rank p = n � l. If, for instance

p11 p12 . . . p1s

p21 p22 . . . p2s

. . . . . . . . . . . .

pl1 pls . . . pll

���������

���������
6¼ 0;

these may be generated as outlined more explicitly in [12].

qj ¼

p11 p12 . . . p1s B1

p21 p22 . . . p2s B2

. . . . . . . . . . . . . . .

pl1 p1s . . . pll Bl

plþj;1 plþj;2 . . . plþj;s Blþj

������������

������������

¼ 0; j ¼ 1; 2; . . . ; n� l.

ð22Þ
5. Results and discussion

The optimization procedure and the three classes of
reactions described above were used to investigate the ef-
fect of reaction schemes on the accuracy of ab initio



Table 1
The errors (kcal/mol) in the enthalpy of formations for various reaction schemes at G2 and G3 levels

Conventional Isostoichiometric Isodesmic

G2 G3 G2 G3 G2 G3

Methane 0.22 0.07 0.45 0.40 �0.07 �0.32
Ammonia 0.11 �0.27 �0.11 �0.01 2.02 0.15
Water �1.91 �0.95 �0.39 �0.77 0.09 0.09
Ethane 0.26 0.17 0.50 0.50 0.00 �0.14
Ethylene 0.19 0.31 0.20 0.50 0.03 �0.14
Acetylene �0.49 �0.33 �0.17 �0.28 �0.11 �0.36
Formaldehyde 0.68 0.31 1.38 0.34 0.21 �0.07
Methanol �0.56 �0.43 �0.25 �0.25 0.17 �0.09
Methylamine 0.49 �0.41 �0.06 �0.16 1.06 �0.34
Propylene �0.16 0.19 �0.18 �0.06 0.25 0.23
Allene 0.37 0.86 �0.15 0.90 0.34 0.34
Cyclopropene �1.56 �1.84 0.16 �1.80 �1.38 �1.76
Propene 0.14 0.23 0.43 0.41 0.01 �0.15
Cyclopropane �0.23 �0.56 1.31 �0.37 �0.15 �0.34
Propane 0.36 0.24 0.80 0.57 0.13 0.01
Butadiene �0.22 0.09 0.35 0.13 �0.22 �0.35
2-Butyne �0.57 0.02 �1.53 �0.22 �0.14 0.14
Methylene
cyclopropane

1.84 1.94 0.02 1.98 2.06 2.10

Bicyclobutane �1.49 �2.17 �0.13 �2.13 �1.05 �1.42
Cyclobutene �1.35 �1.68 0.14 �1.64 �1.14 �1.53
Cyclobutane 0.65 0.21 0.09 0.39 0.76 0.50
Isobutene 0.23 0.21 0.18 0.39 0.13 �0.10
n-Butane 0.56 0.36 2.68 0.69 0.36 0.20
Isobutane 0.47 0.18 �0.43 0.51 0.27 0.02
Spiropentane 0.36 0.13 �1.07 0.16 0.82 0.95
Cyclopentane �0.15 �0.24 1.13 �0.07 �0.01 0.13
Benzene �0.73 0.36 �0.35 0.10 �0.25 0.38
Carbon dioxide 0.47 0.72 1.40 1.14 �0.19 0.35
Formic acid �0.82 �0.61 �0.02 �0.65 �0.27 �0.26
Methyl formate 1.20 0.95 0.35 0.65 0.47 0.60
Ketene 0.31 0.72 0.49 0.95 �0.03 0.27
Oxirane 0.18 �0.28 �1.33 �0.76 �0.05 �0.18
Acetaldehyde 0.16 �0.14 0.61 0.23 �0.29 �0.45
Glyoxal 0.91 0.47 0.83 0.88 0.28 0.17
Ethanol �0.76 �0.44 �0.06 �0.52 0.00 �0.02
Dimethyl ether 0.26 �0.07 �0.80 �0.40 �0.29 �0.42
Acetone 0.20 �0.15 0.81 0.22 �0.22 �0.38
Acetic acid �1.09 �0.73 �0.52 �0.77 �0.51 �0.31
Isopropanol �0.36 0.01 �0.19 �0.08 0.43 0.50
Methyl ethyl ether 0.78 0.61 �0.72 0.27 0.26 0.33
Furan �0.34 �0.19 �1.78 �0.96 �0.30 �0.22
Acetamide 0.03 �0.60 0.67 �0.47 0.45 �0.46
Aziridine 1.05 �0.33 �0.16 �0.54 0.60 �0.17
Dimethylamine 0.99 �0.24 �0.42 �0.30 0.22 �0.54
Ethylamine �5.91 0.63 0.39 0.73 �5.31 0.77
Trimethylamine 2.34 0.92 0.48 0.70 0.24 0.27
Pyrrole 0.90 0.29 �0.69 �0.21 0.72 0.32

Mean. Abs. Dev. 0.75 0.51 0.58 0.58 0.52 0.41
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models. This approach was applied to a set of 47 species,
listed in Table 1, that have been previously used to val-
idate ab initio-based energetic predictions at G2 and G3
levels of theory [4,13]. The experimental enthalpies of
formation of these species are known with high accuracy,
normally, with an error not exceeding ±0.1 kcal/mol [14].
Employing Eqs. (18)–(22) we first generated a set of lin-
early independent reactions for every class of reactions as
well as their experimental and ab initio enthalpy changes.
From Table 1 it follows that the species involve four ele-
ments, namely, C, N, H and O and nine types of bonds,
namely, C–H, C–C, C@C, C„C, C–O, C@O, C–N, O–
H and N–H. Thus, rank e = 4 and rank p = 9. This
means that conventional, isostoichiometric, and isodes-
mic reactions do not involve more than five, six, and
ten species, respectively. The stoichiometric matrices
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and the enthalpy change vectors of these sets of reactions
were next generated and substituted into Eq. (17). The
results are presented in Table 1.

An inspection of Table 1 reveals a high level of accuracy
of ab initio methods at the G2 and G3 levels of theory. It is
also evident that, in accordance with earlier findings [4,13],
the accuracy of the G3 method is higher than that of the
G2 method. A somewhat surprising result is the weak effect
of the type of reaction schemes on the accuracy of G2 and
G3 methods. Thus, while the accuracy of isodesmic chem-
ical reactions is slightly higher than the accuracy of the
conventional and isostoichiometric reactions, on the whole,
the difference between these schemes is not as dramatic as
previously thought [4,4,13]. This conclusion is especially
true for the higher level of theory, G3. In other words, at
high levels of theory the accuracy is almost independent
of the reaction schemes.

6. Conclusion

In the literature it is often tacitly assumed that more
sophisticated types of reaction schemes can substantially
improve the accuracy of theoretical thermochemistry pre-
dictions. Thus, various types of reactions have been de-
signed aiming to minimize the errors in converting the
total ab initio-based reaction enthalpies into enthalpies
of formation. In this Letter, we have employed a new opti-
mization technique to investigate the effect of reaction
schemes on the accuracy of ab initio thermochemistry.
In doing this we used two well-known types of reactions,
namely, conventional and isodesmic reactions as well as a
new type of reactions referred to as isostoichiometric. Our
calculations suggest that the effect of various reaction
schemes on the accuracy of ab initio methods is insignifi-
cant, especially for higher level ab initio methods.
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